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Binary nucleation kinetics. V. F lines and evaporation rate surfaces
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We explore the quasiuniversal behavior of the functionF( i , j ,t)5 f ( i , j ,t)/N( i , j ,t) in binary
nucleation, where f ( i , j ,t) and N( i , j ,t) are the nonequilibrium and equilibrium cluster
concentrations, respectively. The simple, regular patterns that are formed by this function during
both the transient period and at steady state suggest that the contour lines of constantF form one
half of a natural curvilinear coordinate system that underlies the binary nucleation process. In this
paper we present theF-line patterns for binary systems that display a wide range of liquid phase
nonideality. Quantitative comparisons between analytical expressions for the angle that¹F makes
with the componentA axis and for the spacing of theF contour lines give good agreement with the
values derived from the numerical solution of the binary kinetics equations. The insensitivity of the
F-line patterns to changes in the gas phase activities of the nucleating species can be better
understood by writing the binary kinetics equations with the evaporation rate coefficients as the
‘‘diffusion coefficients.’’ In this form it is easy to see that the equations only depend weakly on the
actual gas phase compositions. ©1999 American Institute of Physics.@S0021-9606~99!51402-5#
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I. INTRODUCTION

In our recent work on binary nucleation kinetics, w
explored issues of self-consistency in the equilibrium clus
distribution1 and solved the binary kinetics equations to b
ter understand both steady state2 and transient3 binary nucle-
ation. By examining binary systems that exhibited a w
range of liquid solution behavior, and by systematica
varying the binary system parameters, including impin
ment rates, equilibrium vapor pressures, and vapor phas
tivities, we gained an appreciation for the dynamic behav
of the free energy surfaces, the steady state flux patterns
the transient behavior of the cluster fluxes and cluster c
centrations.

One unexpected result, discussed briefly in part III
this series,3 was that the ratio of the nonequilibrium clust
concentrationf ( i , j ,t) to the equilibrium cluster concentra
tion N( i , j ,t), F( i , j ,t)5 f ( i , j ,t)/N( i , j ,t), exhibits a quasi-
universal behavior for each binary system. For widely va
ing gas phase activities and monomer impingement rates
pattern formed by contours of constantF, which we callF
lines, appears remarkably unchanged. The qualitative
pearance of theF lines depends primarily on the thermod
namic properties of the liquid mixture, particularly on th
relative sizes of the evaporation rate coefficients. In this
per we present a more complete examination of the phen
enon, explain how it arises from the invariance of the clus
evaporation rate coefficients, and discuss how theF lines
form a set of natural coordinates underlying the binary nuc
ation process. In Sec. II of this paper we briefly summar

a!Electronic mail: barbaraw@wpi.edu
1200021-9606/99/110(2)/1202/10/$15.00
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the kinetics equations that we solved. Steady state and t
sient results are presented and discussed in Secs. III and
respectively. Section V summarizes the work.

II. COMPUTATIONAL METHODOLOGY

As in our previous work, the kinetics equations descr
ing binary nucleation2,3 were solved assuming that cluste
grow and decay only by adding or losing monomers. T
time rate of change of the number density of clusters c
taining i molecules of speciesA andj molecules of speciesB
is given by

d f~ i , j ,t !

dt
5JA~ i 21,j ,t !2JA~ i , j ,t !1JB~ i , j 21,t !

2JB~ i , j ,t !, ~1!

where the fluxesJA and JB between adjacent cluster size
are given by

JA~ i , j ,t !5GA~ i , j !NAf ~ i , j ,t !2EA~ i 11,j ! f ~ i 11,j ,t !,
~2!

and

JB~ i , j ,t !5GB~ i , j !NBf ~ i , j ,t !2EB~ i , j 11! f ~ i , j 11,t !.
~3!

The rate coefficient for adding a monomer of typen to a
cluster with composition (i , j ) is Gn( i , j ), while En( i , j ) is
the rate coefficient for removing a monomer of speciesn
from a cluster with composition (i , j ). The monomer concen
trations are defined asNA5 f (1,0,t) and NB5 f (0,1,t). The
collision frequency between two particles of unequal ma
taken from the kinetic theory of gases, is used for the f
2 © 1999 American Institute of Physics
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FIG. 1. Lines of constantF ~heavy lines! are superimposed on contour lines of constant cluster concentration~light solid and dashed lines! for the
o-xylene–m-xylene system at four different sets of vapor phase activities. The analytical saddle points are marked by solid squares. TheF50.1 contour is the
heavy dashed line and theF contour lines increase in steps of 0.2. For the cluster concentrations, the contour line closest to the origin correspond8

cm23. The cluster concentration contour lines then decrease by factors of 100, with the last solid contour line corresponding to a cluster concent
cm23. The dashed contour lines correspond to cluster concentrations in the range 1022– 1028 cm23.
ti
a
qu
rs
ap
cl
r
he
qu
fi-

i
.

es,

t

f
-

-
our
ward rate coefficients assuming a unit mass accommoda
coefficient for each species. The principle of detailed b
ance, together with the forward rate coefficients and the e
librium cluster size distribution, is used to define the reve
rate coefficients. The rate coefficients asymptotically
proach the expressions used in conventional binary nu
ation theory for largei and j, while the rate coefficients fo
small i andj differ from the conventional ones because of t
self-consistency corrections that we introduced into the e
librium distribution. Explicit expressions for the rate coef
cients and the equilibrium distribution used are available
parts I and II of this series,1,2 with one significant difference
We now use the following expression4 for the reversible
work of formation of the clusterW( i , j ):
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W~ i , j !

kT
5 lnS i ! j !

~ i 1 j !! D2 i lnS aA

gA
D2 j lnS aB

gB
D1

4pr 2s

kT
,

~4!

wherean is the vapor phase activity of a nucleating speci
gn is a liquid phase activity coefficient,r is the cluster radius
assuming a spherical cluster,s is the bulk surface tension a
the overall composition of the cluster,k is the Boltzmann
constant, andT is the temperature. For very large values oi
and j this expression approaches5 the conventional expres
sion for W( i , j ), but for small clusters, Eq.~4! ensures that
the entropy of mixing term is not overestimated.6 Introducing
this change in the definition ofW( i , j ) means that the nucle
ation rates calculated here differ from those presented in
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 2. Lines of constantF ~heavy lines! are superimposed on contour lines of constant cluster concentration~light solid and dashed lines! for the
ethanol–hexanol system at two different sets of vapor phase activities. The contour lines are scaled as in Fig. 1, and the analytical saddle points
by solid squares.
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previous work although the limits of unary nucleation rema
the same. Explicit expressions for the Kelvin equations ste
ming from Eq. ~4! are given in the Appendix. The initia
conditions, boundary conditions and related computatio
details are the same as in our previous work.2,3 The physical
properties of the binary systems are available in Ref. 2. A
our previous work,2 the numerical nucleation rates genera
agree with the analytical rates, calculated using the Stau7

rate expression, to within 10% as long as the major nu
ation flux passes through the saddle point.

III. STEADY STATE RESULTS

A. F-line patterns

We begin by presenting several figures that illustrate
quasiuniversal behavior that is the underlying theme of
paper. The point is particularly well illustrated by theF lines
in the highly ideal o-xylene–m-xylene system, under con
tions for which the final nucleation rate varies by less th
2%. In Fig. 1 the dynamic response of the steady state clu
concentrations to changes in the vapor phase activities
impingement rates contrasts starkly with the invariance
theF lines. For the chosen vapor phase activities, the nu
ation process changes from one in which most of the n
droplets are formed by unary nucleation of o-xylene to o
in which unary nucleation of m-xylene is the dominant pa
way, and the monomer impingement rate ratios of o-xyle
to m-xylene vary from 8.53103 to 8.331025. As in unary
nucleation, the steady state cluster concentration at
saddle point equals one half the equilibrium concentrati
We can characterize the orientation of theF lines by the
anglev between¹F at the saddle point and the compone
A axis.8 In this nearly degenerate systemv is close to 45°
because the values of all the physical properties of o-xyl
Downloaded 03 Jul 2002 to 130.215.96.180. Redistribution subject to A
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are close to those of m-xylene. For example, the equilibri
vapor pressures of the two species differ by only 26%, 0.6
and 0.839 kPa, respectively, at the simulation temperatur
293.5 K.

For a truly degenerate binary system, i.e., when the
species are indistinguishable except for an arbitrary label,
symmetry of the problem forcesv545° exactly. This is eas-
ily seen by simply relabeling the two species. Alternative
an analytical derivation of this result is given in the Appe
dix. If one solves the binary kinetics equations numerica
using theconventionalexpression forW, the F lines bend
near the pure component axes even for the ideal degen
system. This physical inconsistency is a direct conseque
of an entropy of mixing term that is too large.6 The symme-
try of the degenerate system also dictates that the positio
the F lines cannot vary at a constant nucleation rate. Lo
ing more closely at Fig. 1, we see that in the o-xylene–
xylene system the positions of theF lines do shift slightly as
the gas phase activities are varied. The changes reflec
fact that the physical properties of m-xylene~vapor pressure,
surface tension and molecular volume! are not identical to
those of o-xylene, and the critical cluster for pure o-xyle
nucleation contains fewer molecules than the critical clus
for pure m-xylene nucleation at the same nucleation ra
Figures 1~a! and 1~d! represent the limits of the nucleatio
process in this binary system, and we expect a smooth va
tion between these extremes for intermediate values of
vapor phase activities.

Figure 2 shows theF-line signatures for a second binar
system, ethanol–hexanol, whose components form an i
liquid mixture but have equilibrium vapor pressures that d
fer significantly. At the simulation temperature, the equili
rium vapor pressure of ethanol is approximately 230 tim
higher than that of hexanol. TheF lines are nearly parallel to
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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the ethanol axis because of the tendency of clusters to
idly ‘‘equilibrate’’ with respect to ethanol, regardless of th
actual gas species impingement rates. In Fig. 2~b!, for ex-
ample, the gas phase activity ratio~hexanol/ethanol! is 2800,
the impingement rate ratio is approximately 8.3, and the
phase composition ratio (NH /NE) is 12.4. All of these fac-
tors would seem to heavily favor rapid equilibration of t
concentrations of hexanol-rich clusters, yet the concen
tions of ethanol-rich clusters still equilibrate more rapid
As discussed below, this behavior is closely related to
tendency of the evaporation rate of ethanolEE to exceed that
of hexanolEH for most cluster compositions. In contrast
the behavior of theF lines, under these extreme conditio
the fluxes develop most rapidly along the hexanol ax
closely following the transient evolution of the absolute clu
ter concentrations.

In both Figs. 1 and 2, theF lines appear to be straigh
To test whether this is true we measured the slope~in de-
grees! along theF50.5 contour using the numerical outp
from our contouring program. For the o-xylene–m-xyle
system under the conditions in Fig. 1~c! the slope is 42.4°,
and is constant to four significant figures. For the ethan
hexanol system under the conditions in Fig. 2~a! the slope is
88.0° wheni 53, wheni 5 i * 522.4 the slope is 87.8°, an
when i 560 the slope is 87.6°. At the saddle point (i * , j * )
the measured slope should be equal tov. In recent papers
Wilemski8 and Li, Nishioka and Maksimov9–11 indepen-
dently showed thatv is related to Stauffer’s flux anglef by
the simple relationship:

r S tanv5tanf, ~5!

andf is given by7

tanf5s1As21r S, ~6!

with the ratio of impingement rates defined as

r S5
GB~ i * , j * !NB

GA~ i * , j * !NA
, ~7!

and

2s5~r SWBB2WAA!/WAB . ~8!

We denote the three second derivatives ofW( i , j ) at the
saddle point asWAA , WAB , andWBB . The analytical pre-
dictions forv at the saddle point calculated using Eqs.~5!–
~8! are 42.4° for o-xylene–m-xylene and 87.9° for ethano
hexanol. In both cases the agreement is excellent.

To examine the effect of liquid phase nonideality, Fig
3~a!–3~d! show theF-line plots for a negatively deviating
system dichloromethane–tetrahydrofuran~DCM–THF! and
two positively deviating systems, PD1 and PD2. As in o
previous work, the PD1 and PD2 systems have all of
physical properties of the o-xylene–m-xylene and ethan
hexanol systems, respectively, with the exception that
excess Gibbs free energy of mixing is given by the sim
regular solution expression:

gE5AxAxB , ~9!

wherexn is the mole fraction of speciesn in the cluster and
A/(kT)52 at the simulation temperature. This choice ofA
Downloaded 03 Jul 2002 to 130.215.96.180. Redistribution subject to A
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places both systems at their upper critical solution tempe
tures and results in a broad free energy surface. Liquid m
tures that deviate negatively from ideality haveF lines with
inward curvature while positively deviating systems haveF
lines with outward curvature. The PD1 system exhibits
same symmetry inherent in the o-xylene–m-xylene syst
while the F lines for the PD2 system parallel the ethan
axis reminiscent of the behavior in the underlying ethano
hexanol system. One interesting feature of the PD2 syste
that for certain vapor phase activities the major steady s
particle flux avoids the saddle point and nucleation occ
via ridge crossing.2 When nucleation occurs by ridge cros
ing, the value ofF at the saddle point is far below 0.
because the cluster concentrations in the vicinity of
saddle point are suppressed. In essence, the clusters
would have grown to form saddle point clusters are sw
over the ridge prematurely. Figure 3~d! is an example of such
a case and yet the characteristicF-line pattern has hardly
changed from that of Fig. 3~c!. We also note that in Fig. 3~c!
the saddle point appears to lie at a slightly higher value oF
than 0.5. Here, the discrepancy between the analytical nu
ation rate,J51.733106, and the numerical rate,J52.98
3106, is already much larger than the;10% agreement
typically observed2 for systems with saddle regions that a
less flat. In this case, saddle point nucleation is still the do
nant particle formation pathway, but the total flux passi
through the broadened saddle region is now underestim
by the usual parabolic approximation for the flux on eith
side of the saddle point.

Since theF-line pattern is not affected by the nucleatio
pathway, we can understand the curvature in theF lines
illustrated in Fig. 3 by considering only the usual case
saddle point nucleation and conducting the following thou
experiment. First consider the behavior for clusters form
ideal liquid mixtures. For given vapor phase activities, t
critical cluster has a certain size and composition, and theF
lines are straight. If the activities and other physical prop
ties are now held fixed but the liquid mixture is now ima
ined to deviate negatively from ideality, the supersaturat
of each component will increase, and the critical cluster s
will decrease.12 Since the critical cluster still lies on theF
50.5 line and since this line’s intercepts with thei andj axes
are fixed by the constancy of physical properties and con
tions, theF50.5 line is now ‘‘stretched’’ toward the origin
i.e., bowed inward relative to ideal behavior. Obviously,
corresponding argument can be constructed to explain
outward curvature present for positively deviating liqu
mixtures.

In Figs. 1 and 2, the anglev is not a strong function of
gas phase composition or the saddle point location. If
imagine a series of similar plots for the positively or neg
tively deviating systems, it is clear that although theF-line
pattern does not change much as the gas phase compos
vary, the anglev at the saddle point will change systema
cally as the saddle point moves from being close to the co
ponentA axis to being close to the componentB axis. We are
now in a position to directly test this relationship by compa
ing the numerically measured slope at the saddle point~in
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 3. Lines of constantF ~heavy lines! are superimposed on contour lines of constant cluster composition~light solid and dashed lines! for three additional
binary systems. The contour lines are scaled as in Fig. 1, and the analytical saddle points are marked by solid squares.„a… In the dichloromethane–
tetrahydrofuran system theF lines bow in toward the origin.„b… In the PD1 system theF lines bow away from the origin, and the pattern exhibits much
the symmetry inherent in the underlying o-xylene–m-xylene system.„c… In the PD2 system theF lines bow away from the origin, and the pattern exhibits
asymmetry similar to that in the underlying ethanol–hexanol system. Saddle point nucleation is still the major pathway.„d… In this second example for the
PD2 system, most of the new phase forms via a ridge crossing pathway, and saddle point nucleation is much less important.
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degrees! with the analytically predicted value forv as the
vapor phase activities andr S are systematically varied. Fig
ure 4 illustrates that there is excellent agreement betw
these two quantities. In contrast to the behavior ofv, the
anglef always has essentially the same dependence or S

for all binary systems. Asr S→0, f→0°, and unary nucle-
ation of componentA is the nucleation pathway. Asr S

→`, f→90°, and unary nucleation of componentB is the
only pathway.

The regularity and simplicity of theF-line patterns for
Downloaded 03 Jul 2002 to 130.215.96.180. Redistribution subject to A
en

the wide range of systems that we have examined, sugg
that a curvilinear coordinate system8–10with one axis parallel
to the F lines and the other axis (z) orthogonal to them is
ideally suited for reducing the variation ofF to an effective
one-dimensional problem in thez coordinate. In the vicinity
of the saddle point the curvilinear system is effectively C
tesian and is straightforward to implement.8 This approach
was recently used to rederive Trinkaus’s13 analytical solution
for F in the vicinity of the saddle point.8 In terms ofz, the
solution is given by
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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F~z!5 1
2 erfc~AL/2z!, ~10!

where

z5~ i 2 i * !cosv1~ j 2 j * !sinv, ~11!

L5L/~RA* cos2 v1RB* sin2 v!, ~12!

L52@RA* WAA cos2 v1~RA* 1RB* !WAB cosv sinv

1RB* WBB sin2 v#/~kT!, ~13!

and

Rn* 5Gn~ i * , j * !Nn . ~14!

FIG. 4. The values ofv measured at the saddle point~symbols! are in
excellent agreement with those predicted by Eqs.~5!–~8! ~solid lines! over
the entire range of the parameterr S . As shown by the DCM-THF system
the anglev depends on the actual vapor phase activities and not just
value of r S .
rm
r

f
In
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With this result we can now test our ability to predict th
spacing of theF lines. Figure 5 compares the analytical
predicted variation ofF with the numerical values for the
conditions in Fig. 2~a!. Clearly the analytical result provide
a good fit to the numerical values over a wide range ofz, and
thus it is now possible to calculate actual cluster concen
tions in the vicinity of the saddle point without recourse
the full numerical solution.

B. Evaporation rate surfaces

As briefly discussed in our previous work3 the invariance
of theF lines can be better appreciated by transforming E
~1! into two equivalent equations for the time evolution
F. Applying the detailed balance relations lets us write t
equations in terms of either the forward rate coefficients
the evaporation rate coefficients. The results are

e

FIG. 5. The circles are the numerical values ofF(z) for the conditions in
Fig. 2~a!. The solid line was calculated using Eq.~10!.
]F

]t
5GA~ i 21,j !NAN~ i 21,j !/N~ i , j !@F~ i 21,j ,t !2F~ i , j ,t !#1GB~ i , j 21!NBN~ i , j 21!/N~ i , j !@F~ i , j 21,t !2F~ i , j ,t !#

2GA~ i , j !NA@F~ i , j ,t !2F~ i 11,j ,t !#2GB~ i , j !NB@F~ i , j ,t !2F~ i , j 11,t !#, ~15!

and

]F

]t
5EA~ i , j !@F~ i 21,j ,t !2F~ i , j ,t !#1EB~ i , j !@F~ i , j 21,t !2F~ i , j ,t !#2EA~ i 11,j !N~ i 11,j !/N~ i , j !

3@F~ i , j ,t !2F~ i 11,j ,t !#2EB~ i , j 11!N~ i , j 11!/N~ i , j !@F~ i , j ,t !2F~ i , j 11,t !#. ~16!
oef-
the

ities
The advantage of writing the equations in the latter fo
is thatEA andEB are now the ‘‘diffusion coefficients’’ rathe
thanGANA andGBNB . Thus Eq.~16! shows directly how a
disparity betweenEA andEB can lead to a rapid increase o
F in one direction with much slower progress in the other.
the usual ideal gas approximation, the evaporation rate c
ficients are independent of the gas phase activities and
total pressure. Thus changes in the vapor phase activ
only affect the time and composition dependence ofF
through the ratiosN( i 11,j )/N( i , j ) and N( i , j 11)/N( i , j ).
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 6. Contours of constantEA /EB are shown for the two ideal and the two positively deviating systems. The looped appearance of the evapora
surfaces in the positively deviating systems is due to the parabolic mean field approximation inherent in the nonideal free energy of mixing term,~9!.
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Near the saddle point these ratios are close to 1 and
dependence on the vapor composition is correspondin
very weak. Thus the transient and steady state contour p
of F have a characteristic ‘‘signature’’ that depends p
dominantly on the relative sizes ofEA andEB for each sys-
tem.

In order to examine the relative behavior of the evap
ration rate coefficients as a function of cluster composit
and size, we have chosen to examine how the ratioEA /EB

varies. Figures 6~a!–6~d! show the contour plots of the ratio
EA /EB for four of the systems discussed so far. In all cas
the limits of the ratios areEA /EB→` along the pure com-
ponentA axis whileEA /EB→0 along the pure componentB
Downloaded 03 Jul 2002 to 130.215.96.180. Redistribution subject to A
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axis. In the ideal degenerate case, the contour lines ofEA /EB

and EB /EA are completely symmetric about theEA /EB51
line which would itself make a 45° angle with the compone
A axis. The high degree of symmetry in the physical prop
ties of o-xylene and m-xylene results in a plot that a
proaches ideal, degenerate system behavior, and the ra
cluster equilibration is largely independent of cluster comp
sition. In contrast, theEA /EB51 line in the ethanol–hexano
system lies very close to the pure hexanol axis. Thus for
mixed clusters included in the simulation, the evaporat
rate coefficient for ethanol is higher than the evaporation r
coefficient for hexanol. This inequality is responsible for t
rapid equilibration of the cluster concentrations in the et
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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nol direction. The curvature in the ethanol–hexanol conto
at small (i , j ) is due to the Kelvin term, exp@V(i,j21)2
V(i21,j )# whereV( i , j )54pr 2( i , j )s( i , j )/(kT). This term
amplifies differences in the surface tensions and molec
volumes of ethanol and hexanol. Although not shown he
the evaporation rate surfaces for the negatively deviating
tems are qualitatively the same as the ideal systems. M
interesting is the behavior observed in the positively dev
ing systems. Both the PD1 and PD2 systems shown in Fi
display contours that bend back upon themselves. This c
sequence of mean-field nonideal solution thermodynamic
a harbinger of the more complex evaporation rate surfa
that exist for phase separating systems. The behavior in
6~d! is particularly striking. Because PD2 is a system
which ridge crossing occurs, evaporation rate surfaces
look like Fig. 6~d! are indicative that ridge crossing behavi
is possible. Because of their intrinsic interest it would
useful to have convenient ways to identify potentially rid
crossing systems. It is clearly easier to look at a sin
evaporation rate surface than to examine many free en
surfaces, whose shape strongly depends on the gas p
activities, until a characteristic ridge is found. An alternati
method using a generalized kinetic potential has rece
been suggested by Liet al.10

IV. TRANSIENT RESULTS

Another consequence of the quasiuniversal behavio
theF lines is that subcritical clusters, and even small sup
critical clusters, reach their steady state concentration
roughly the same time independent of the vapor phase ac
ties. This phenomenon is illustrated in Fig. 7 by tracking
transient concentrations of two types of clusters in
ethanol–hexanol system at three different vapor phase ac
ties. The two types of clusters have the same total num

FIG. 7. The time evolution ofF for two cluster compositions in the
ethanol–hexanol system. The cluster composition is indicated by the n
tion (i , j ). For subcritical clusters,F(t) depends primarily on the cluste
composition and is remarkably insensitive to the actual gas phase activ
WhenaE52.5, clusters containing 14 molecules of hexanol are superc
cal, and their steady state value ofF'0.4.
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of molecules but very different overall compositions. In a
cases the hexanol-rich cluster concentrations always
about ten times longer to reach their steady state values
do the ethanol-rich cluster concentrations. The fact that
F values of both cluster types reach their steady state va
faster asaH increases demonstrates, in a different way fro
Fig. 2, that under most conditions equilibration with hexan
is the rate limiting process. We note again that the abso
values of the cluster concentrations vary by many orders
magnitude as the vapor phase activities change, but the
proach to steady state remains remarkably consistent.

V. SUMMARY AND CONCLUSIONS

In this paper we have explored the qualitative behav
of theF-line patterns as a function of physical parameters
the binary nucleating components. We have demonstra
that we can quantitatively predict the angle made by theF
lines at the saddle point. We have shown how the remarka
consistency of the patterns can be understood by thinkin
the nucleation process as diffusion in composition space w
an anisotropic diffusivity determined by the evaporation r
coefficients. At a given temperature, each binary system
a unique evaporation rate surface that largely determines
characteristicF-line pattern. These plots can help us sp
systems for which ridge crossing might occur. The transi
evolution of F for both subcritical and small supercritica
clusters also shows quasiuniversal behavior.
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APPENDIX

In this Appendix we find analytical expressions for tanv
for ideal systems. For the reversible work of cluster form
tion given in Eq.~4!, the two Kelvin equations that deter
mine the location of the saddle point are given by

05C~ i 11!2C~n11!2 ln xA2 ln
aA

xAgA
1

2svA

kTr

2
3v
kT

xB

r

ds

dxB
, ~A1!

and

05C~ j 11!2C~n11!2 ln xB2 ln
aB

xBgB
1

2svB

kTr

1
3v
kT

xA

r

ds

dxB
, ~A2!

wheren5 i 1 j , vn is the partial molecular volume of specie
n, v is the mean molecular volume, and the other symb
have been defined in the main body of the paper. The
function C is defined by Gradshteyn and Ryzhik14 as

ta-

s.
i-
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C~ i 11!5
d ln i !

di
52gE1 (

p50

` S 1

p11
2

1

i 1p11D ,

~A3!

wheregE50.5772 . . . is theEuler–Mascheroni constant.
Although they are thermodynamically incorrect,15,16 the

surface tension derivatives appear in Eqs.~A1! and~A2! be-
cause the physics needed to eliminate them is missing in
well mixed droplet model. Because of this, the derivativ
are implicit in all of our numerical solutions and thus th
must be retained in the Kelvin equations to permit a dir
comparison of the numerical and analytical nucleation ra
In general, these nonlinear equations must be solved sim
taneously to obtain the size and composition of the criti
nucleus. We have done this for many different cases
found that the numerical solutions generally differ on
slightly from those of the conventional approach. Usualli
and j differ by less than 0.5 each from the values calcula
by solving the conventional equations,

052 ln
aA

xAgA
1

2svA

kTr
2

3v
kT

xB

r

ds

dxB
, ~A4!

and

052 ln
aB

xBgB
1

2svB

kTr
1

3v
kT

xA

r

ds

dxB
. ~A5!

We will therefore continue the development using Eqs.~A4!
and ~A5! with little loss of accuracy. Furthermore, to mak
the presentation more transparent, we now set the sur
tension derivative to zero and specialize to ideal systems
putting gA5gB51.

Based on the conventional definition of W, the seco
derivatives for an ideal system17 are given by

WAA5 j * kT/~ i * n* !2avA
2/~n* v !4/3, ~A6!

WBB5 i * kT/~ j * n* !2avB
2/~n* v !4/3, ~A7!

and

WAB52kT/n* 2avAvB /~n* v !4/3, ~A8!

where

a5
8ps~3/4p!2/3

9
. ~A9!

In order to evaluate Eq.~5! for tanv we first need to evaluate
the parameters defined by Eq.~8!. Using Eqs.~A6!–~A8! it
is easy to show that

2s5F j *

i *
2

r Si *

j *
1

2

3

wcl*

n*
S r SvB

22vA
2

v2 D G Y
S 11

2

3

wcl*

n*

vAvB

v2 D , ~A10!

where

wcl* 5
4p

3

r 2s

kT
5

1

2
n* lnS aA

xA
D xAS aB

xB
D xB

. ~A11!
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For an ideal degenerate system,vA5vB5v, r S

5yB /yA , whereyn5Nn /(NA1NB), and the solution to the
two Kelvin equations,~A4! and~A5!, is xA* 5yA . With these
simplifications it is easy to show that Eq.~A10! reduces to

2s5~ j * 2 i * !/ i * , ~A12!

and from Eqs.~5! and ~6! it follows that

tanv51. ~A13!

Thus for an ideal degenerate system,v is always 45° and
independent of the gas phase composition.

A second special case is the limit in which one comp
nent vanishes from the mother phase. Because every sy
approaches ideal behavior for small enough values ofaA or
aB , the following results are valid for nonideal systems
well. As aB→0 at a fixed value ofaA , the approximate
solution of the Kelvin equations is

xB* 'aB /aA
~vB /vA! , ~A14!

and xB*→0. Aside from somei and j dependent factors o
order unity,r S can be expressed as

r S5
aB

aA

NB
`

NA
`S MA

MB
D 1/2

, ~A15!

whereNn
` is the equilibrium vapor number density of speci

n and M n is its molecular weight. Thus, asaB→0, r S also
approaches zero. It follows from Eqs.~A10!, ~A14!, and
~A15! that in this limit

2s52FNB
`

NA
`S MA

MB
D 1/2

aA
vB /vA21

1
2w*

3n* S vA

v D 2G Y
F11

2w*

3n* S vAvB

v2 D 2G , ~A16!

which is a well defined quantity. Sinces,0, it also follows
from Eqs.~5! and ~6! that in this limit

tanv51/~2usu!. ~A17!

In the opposite case, whenaA→0 bothr S ands diverge, i.e.,
r S→` ands→`, but xA*→0, and the quantity 2s/r S is well
defined and is given by

2s

r S
5FNA

`

NB
`S MB

MA
D 1/2

aB
vA /vB21

1
2w*

3n* S vB

v D 2G Y
F11

2w*

3n* S vAvB

v2 D 2G . ~A18!

In this limit

tanv5
2s

r S
. ~A19!

An amusing consequence of either Eq.~A17! or Eq.~A19! is
that, just like the lingering grin of the Cheshire cat,18 the
F-line pattern of the underlying binary system persists in
limit of unary nucleation.
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