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Empirical function for homogeneous water nucleation rates
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Very recently, Wik and Strey[J. Phys. Chem. B105 11683 (2001)] presented empirical
temperature correction functions for calculating homogeneous nucleation YaiésH,0O and

D,0 (1<J/cm 3s1<10?) from classical nucleation theory over an extended range of
temperaturel (200<T/K<310) and supersaturatioiss(5<S<200). Here, we critically test the
correction functions to the Becker—Eag nucleation rate equatialyp against an extensive set of
experimental data, and find that the equations distinctly improve the agreement between theory and
experiment for very little extra work. The success of the corrected nucleation rate functions is
surprising, given that they were developed based on experimental nucleation rates measured in a
nucleation pulse chamber over a limited nucleation rate range<d@m 3s <10,
supersaturation range<65<<22, and temperature range 220/K<260. © 2002 American
Institute of Physics.[DOI: 10.1063/1.1498465

I. INTRODUCTION years, because it is rarely clear how to accurately extract

nucleation rates from the earlier work. A more extensive list-

_ Nucleation and condensation of water is of considerablgg of the water nucleation literature is available in Heist and
interest in several natural and industrial processes. In steafje30 for data between 1968 and 1992. and in PSdridr
turbines, for example, it is important to calculate the onset ofy5i4 prior to 1968.

nucleation inside a turbine to prevent efficiency losses. To

make accurate predictions, we need a thorough understand-

ing of the condensation process, i.e., the nucleation and

growth of water droplets. A large number of experimettdl !l EMPIRICAL CORRECTION FUNCTION
and theoreticaf !’ studies have been performed to under-
stand the physics off water nucleation and, in general, non
of the theories can quantitatively predict all of the experi-

mental observations. Our 90‘.”"5 here Is to use th'e. av.allab chamber, with the predictions of classical nucleation theory
data to demonstrate that a simple empirical modification t(%dashed lines The Becker—Bang nucleation ratelgy is
the Becker—Dung nucleation rate expression yields a robust -\~ using BD

function for predicting water nucleation rates over broad

ranges of temperature and supersaturation. ) 2 3
Experimental studies of homogeneous nucleation date j _ | /2_‘70 (&) exp{ —16mvno } 1)

. . o m 3 2|

back to 1897, when Wilson made the first quantitative study mm- M KT 3(kT)*(In'S)

of water nucleatio® Since then, the homogeneous nucle-

ation of water has been repeatedly studied with differentn Eq.(1), S=p, /pe is the supersaturatiop,, andp, are the

experimental techniques including expansion cloudactual and the equilibrium vapor pressurkss the Boltz-

chambers; "1 diffusion cloud chambers? the nucleation mann constant is the temperature, and, v, andm are

pulse chambet!?°a pulse-expansion wave tuB¥*shock  the surface tension of the critical cluster, the molecular vol-

tubes???3and supersonic nozzI84-?°The data are reported ume, and mass of the water molecule, respectively.

either in terms of the critical supersaturations required to  Although the agreement between theory and experiment

induce condensation in the apparatus or, more recently, im this temperature range is actually quite reasonable, it is

terms of the actual nucleation rates. When critical supersatwalready clear that the temperature dependence of the classical

rations are reported, estimates for the nucleation rates caheory is incorrect. Applying classical theory outside this ex-

often be deduced from models of the nucleation and growtlperimental window will, therefore, result in increasingly

processes occurring in the apparatus. Table | summarizes tharger discrepancies. Using the data in Fig. 1 IMé&nd Strey

data available for the two water isotopes that we use in thisleveloped a two-parameter correction function to the classi-

paper. We have restricted ourselves to data from the past 3fal nucleation rate expression. They assumed that in general

the nucleation ratd can be written as

The need for a correction function is evident in Fig. 1,
here we compare the homogeneous nucleation rates for
[HZO, measured by Wk and Strey in the nucleation pulse
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TABLE I. Techniques used to study light and heavy water nucleation. The 15 r T . T T
. . @ Wolk, Strey 106
measurement rangésucleation ratel, temperaturd, supersaturatio) are O Viisanen etal. ]
given in comparison. ®Wagner, Strey 7 105
10 ¢ O Dobbins et al. 1 10¢
Technique J/cm 3s7! TIK S Reference & Peters, Paikert
O Luijten et al. % 10°
TDCC* ~1 280-330 2-4 Heist and Rei&?) 5 | AMilleretal. a 102
ECC 107-1C¢ 230-290 4-13  Milleret al. (10,17 2 ¥ Heath et al. LA
ECC  16-10 260 7-8  Dobbingt al. (6) B[ OHeist Reiss 110 &
TPEC 10°-10° 275-300 6-15  Wagner and Stré?) B = ————110° =
NP  10°-10'° 220-260 6-23 Viisanest al. (3,19 ~ {102 .,5
NPC  10-10° 220-260 6-25 \i& and Strey(1) = 102
PEWT® 10°-10% 230-250 8-18 Luijteret al. (21) ST |
ST 10-10 200-260 10-17 Peters and Paikézs) 110°
SN 10Y 190-240 40-190 Heatht al. (35,36 a0 f 6& 110%
SSN'  4.10%-6-10"° 230 29-32  Streletzkypt al. (39) {10
SN 235-295 7-100 Stein and Mos€z6,28 106
ST ~10% 230-255 8-17 Le¢39) 15 N . . . . ]
—— 2.8 3.2 3.6 4.0 4.4 4.8 5.2
*Thermal diffusion cloud chamber.
*Expansion cloud chamber. Y103k

cTwo—piston expansion chamber.
Nucleation pulse chamber.
Pulse-expansion wave tube.
gShock tube.

hSupersonic nozzle.

Shaped supersonic nozzle.

FIG. 2. When the KO rate data in Fig. 1 are normalized Byy, they are

a linear function of If. The data reported by other research groups follow
the extrapolated temperature dependence rather(Refk. 2, 3, 6, 10, 11,
19-21, 35, 3B

d
e
f

theory, McGraw and Laaksonen arrived at the conclusion

whereK is the kinetic prefactor andG* is the formation  that the difference should be a temperature function hly,
free energy of a critical cluster. Normalizing the experimen-in agreement with our experimentally motivated approach.
tal nucleation rate by the corresponding theoretical rate sug- To see whether this linear relationship holds for th@®©H
gests that the ratidey,/Jneor Should be a linear function of nucleation rates, all of the experimental rates shown in Fig. 1
the inverse temperature ), since were divided by the corresponding value &f,. The filled
K AG*  —AG* circles in Fig. 2 represent the mean value of the ratio

exp | — “theor i Jexp/Jsp at the mean nucleation temperature. The error bars
Kiheor kT represent one standard deviation from the mean. The data
Experimental nucleation rates for andi-propanof?and the ~ follow the expected linear trend, and the solid line is the fit
homologous series afi-alcohol$® have already been ana- of the data to the functional form
lyzed in this fashion. It was observed that the experimental 1
nucleation rates depend less strongly on temperature than In—=A+B~—, (4)
predicted by classical nucleation theory. One might note that Jep T
if Kexp=Kiheor: then INQeyp/dined is the difference in free  where A=In(Ke,,/Kpp) + (ASgp— A S5, )/k and B=(AHzp
energy (in units of kT) between the experimental critical —AHZ )/k. In Fig. 2 the dashed line represents complete
cluster and that predicted by theory. From a scaling analysiagreement between theory and experiment. Fgd,HVaAk
of density functional theory in relation to classical nucleationand Strey found\= —27.56 andB=6.5x 10° K. BecauseA
andB are constants, the size of the critical cluster will not be
affected by the correction function, even thougle* has

Jex
In—2 —|n

I
Jtheor

)

exp_

101 / changed. Rewriting Eq4) yields the empirical correlation
21;{94, for water
10° /3
6.5x 10°
- . JHZO: ‘]BD exp — 2756“‘ T (5)
‘v 10
(?E The solid lines in Fig. 1 are calculated using Eg), and the
g 107 corrected predictions now agree with the experimental nucle-
ation rates to within experimental error.
106
Ill. FURTHER EXPERIMENTAL OBSERVATIONS
105 / —‘——-BD-theory

We can now test this correlation against the results of
other groups. The earlier data of Viisanenal,>*° the open
e isoth " ot circles in Fig. 2, were measured using the same nucleation
FIG. 1. The isothermal homogeneous nucleation rates jar ieasured by s chamber as Woand Strey and, therefore, cover the
Wolk and Strey(Ref. 1) (circles are compared to the predictions of classical .
nucleation theorydashed lines Eq. (1), and the empirical nucleation rate  Same range of nucleation r_ates and temperature. Although
function for H,0O Eq. (5) (solid lines. they are not shown, we estimate that the error bars on the

20 30
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Viisanen data are at least as large as those dk\&fod Strey, 4.0
and would generally overlap the error bars of the filled
circles. Regressing the Viisanen data set yields a very similar
value for the slope of the temperature correcti®=5.8
x 10% K), and the value oA (A= —26.54) is only 4% lower. 357
Early measurements by Wagner and Stfép a two-
piston expansion chamber yielded nucleation rates for water
starting from three different initial chamber temperatures
(To=3°C, 13.2°C, 24.5°F, but due to the operating char-
acteristics only nonisothermal-S curves were obtained.
However, the nucleation temperature for edghvaried only
about =3 K. To calculate the ratide,,/Jgp needed for the 25t
comparison in this paper their lowest nucleation rates for
To=3°C and 13.2 °C were not taken into account, because

v 3.0F

they show a kink in the) versusS plot (indicating possible 7= tem?st

contaminatioh In Fig. 2 we included the mean values of 2.0 . ; . -

their inverse nucleation temperatures and the mean values of 280 290 300 310 320 330
the Jeyp/Jgp ratio (circle with a cross in the middleand T/K

estimated the comparatively large error. Although these early

measurements are three orders of magnitude lower than ﬂlféG 3. Thg empirical cqrrelation predicts the critic_al supersaturation data
. measured in the expansion cloud chamber by Heist and RRe&fs 2 to

actual Wdk and Strey data, they show the same temperaturgiin 294. in contrast, the values predicted by the Beckeriigoequation

dependence. are about 8% below the measured values.

Four other data sets also cover the same temperature
range as the nucleation pulse chamber. Already in 1977,
Dobbinset al® measured comparable nucleation rates] of
~10" cm 3s! using a much simpler expansion chamber, .. o
and their datghexagons in Fig. Rshow remarkable agree- j]:1_01 cm “s. These are the downward-facing triangles
ment with the more extensive nucleation pulse chamber rd Fig. 2. Again, most of the data lie closer to the line de-
sults. The data of Peters and Paik&ftiamonds with a cross scribed by Eq(5) than to the predictions of classical theory.
in the middlé are measured in a shock tube where 10 Finally, the diamonds correspond to the water nucleation
<J/em 3s71<10°. The authors only reported onset pres- data of Heist and ReigsFrom their variation of the critical
sures and temperatures, so we used an experimental nuckipersaturation of water vapor at an experimental nucleation
ation rate oi=1C° cm 3s~!and included the error bars for rate ofJ=1 cm ®s™* (Fig. 3 in Ref. 2, we read off the
+1 order of magnitude. The squares are the data of Luijtef?aximum experimental supersaturation and the correspond-
et al2°2! measured with a pulse-expansion wave tube. Folnd temperature and then calculated the theoretical nucle-
230 K (UT=4.35x10"% 1/K) and 250 K (1T=4.00 ation rates. The scatter in these datamondsis due in part
% 1073 1/K) their results are consistent with the others. Onlyto the difficulty in determiningS and T from their figure, as
the measurements at 240 K TH4.17< 1072 1/K), where ~ Well as to the fact that the experimental nucleation rate was
helium is the carrier gas, deviate significantly. We note thaprobably not always exactly 1 cms™*. Given that their
Viisanen et al’s® measurements in the nucleation pulsenucleation rates are 6 to 8 orders of magnitude lower and the
chamber found that the water nucleation rate is insensitive teemperatures are 20—50 K higher than those in the nucleation
the nature of the carrier gas. Finally, the data of Millerpulse chamber, the agreement with the regression line is
et a1 (upward-facing triangléswere measured using a rather good.
larger expansion chamber and their nucleation rates are 3—4 To demonstrate the improvement afforded by using the
orders of magnitude lower than the nucleation pulse chambétew correlation, Fig. 3 illustrates the diffusion cloud cham-
results. The data of Peters and Paikert and Mileal. both ~ ber data as originally reported by Heist and Réiss.
have a somewhat stronger temperature dependence, but The thin dashed lines are the supersaturation—
again the agreement with the correlation is quite reasonabléemperature curves that correspond to the individual experi-
Furthermore, both data sets confirm that classical theory dogsents and a nucleation rate b1 cm *s™*. The envelope
an excellent job of predicting the nucleation rate whenof these curves represents the measured temperature depen-
T=240 K. dence of the critical supersaturation. The lower dashed line is

Figure 2 also incorporates the onset measurements fdéhe critical supersaturation predicted using the classical
condensation of kD in a supersonic nozzf@:*® Modeling  nucleation theorfEq. (1)] assumingd=1 cm 3s™%, while
shows that the peak nucleation rates found in the gently dithe upper solid line is that predicted including the correction
verging Laval nozzles for either isotope of water are closgunction. Obviously Eq(5) provides a substantial improve-
to 107 cm3s™%, and that the peak rates occur close toment over the classical theory.
the onset of condensation. We therefore picked 10 points Wolk and Strey also derived the temperature-dependent
from the supersaturation—temperature correlation for theorrection function for DO and that the empirical nucle-
onset of HO condensation presented by Heath and seation rate equation for D is given by

1
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— [ 102
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FIG. 4. The normalized data for,D, although sparser, also show a linear onse!
d d T/(Refs. 1, 35, 36, 38, 39 . . .
ependence on T/(Refs 3 FIG. 5. The critical supersaturations predicted by the BeckerinB@®qua-
tion for the onset of condensation in a supersonic nozzle {& &hd DO
deviate rapidly from the measurements of Heathal. (Refs. 35, 36asT
decreases. The agreement between the data and the predictions of the em-
8.6x10° pirical correlations is rather good down to about 210 K. Possible reasons for
‘]DZO: Jgpexp —35.98+ — (6) the deviations observed at lower temperatures are discussed in the text.

As illustrated in Fig. 4, far fewer data are available fogD  tion curves for the onset of J® and DO condensation in a
than for HO. conventional supersonic nozzle to those predicted by classi-

The earliest data are those of Flood and Tron&fadho  cal theory and the empirical functions.
measured critical onsets in an expansion cloud chamber. As expected, near 240 K the data, the predictions of
Without reasonable estimates for the nucleation rate we cartlassical theory, and those of E@S) and(6) all coincide. As
not incorporate their data into Fig. 4. In 1977, B®eeported  the temperature decreases, the critical supersaturations pre-
onset data for BD condensation in a shock tube and stateddicted by classical theory deviate rapidly from the measure-
that no match onset with a model incorporating nucleatiorments. In contrast, the predictions of the empirical functions
and growth, he had to adjust the classical nucleation ratdo quite well down to about 210 or 215 K. As temperature
upward by 1-3 orders of magnitude. Since individual valuesiecreases further, classical nucleation theory predicts that the
of the adjustment factol’=J,,,/Jgp are not reported, we critical nucleus contains fewer than 5 molecules. Thus, the
usedl’=2 and included error bars of1 order of magnitude. assumptions inherent in the classical theory become system-
The two data points showfopen circleg span the range of atically worse, and even the improved equations underesti-
temperatures for this experiment and, although not in quanmate the onset supersaturation or, equivalently, overestimate
titative agreement, they illustrate the qualitative informationthe nucleation rates. These trends will be examined further in
that can be obtained from these early experiments. a forthcoming papet’

Nucleation rate measurements and modeling estimates Finally, we compare the available nucleation rate data
are also starting to become available fosfrom super- for D,O directly in Fig. 6. The open squares are the mea-
sonic nozzle experiments. Streletzlat al®® (diamond$  sured nucleation rates for,D from Wdk and Strey(NPC)*
measured nucleation rates ndar230 K in a shaped super- and the solid lines are the nucleation rates calculated with the
sonic nozzle that decouples nucleation from droplet growthempirical correlation. Again, the agreement is within experi-
Because nucleation in the shaped nozzle is controlled by theental error. In addition, this plot contains the very recent
wall profile, these rates are lower than the peak rates found iresults of supersonic nozzle experimeiffall squares—

a conventional nozzle. Hedfhderived peak nucleation rates Heath (SN), %6 squares with a cross in the middle—
(upward-facing trianglésas a function of supersaturation Streletzkyet al. (SSN].2° Again, the conventional nozzle re-
and temperature by modeling condensation in a conventionaiults are inferred from modeling the pressure profile
nozzle. Finally, we treated the,D onset data of Heath®®  measurements, while the shaped nozzle results are deduced
in the same way as the,B data in Fig. 2, and these are from analyzing pressure trace data and measuring the num-
given by the downward-facing triangles in Fig. 4. In the ber density of the aerosol using small angle neutron scatter-
region of overlapping temperature the conventional nozzléng (SANS). Because the experimental temperatures from
results are in excellent agreement with thelkvand Strey  the nozzle experiments are lower (200/K <230) than the
data, and even the shaped nozzle results are reasonable. nucleation pulse chamber da220<T/K<260), while both

In Fig. 5 we test the low temperature limit of E¢§)  the nucleation rate@ozzle: 16°<J/cm 3s 1< 10" nucle-
and(6) more directly, by comparing the critical supersatura-ation pulse chamber: ¥6J/cm 3s71<10'% and supersatu-
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107 | NPC ] FIG. 7. The temperature dependence of the supersaturation at constant
nucleation rate follows a consistent trend once both have been normalized to
106 | 1 the values where classical theory and experiment agree exactly. The open
< symbols measured by Uchtmaanal. (Ref. 42 are in qualitative agreement
10 e — * * : with the results for wateffilled circles measured by W& and Strey(NPC)
4 5 6 78910 S 20 30 40 50 (Ref. 1.

FIG. 6. The isothermal nucleation rate data foCDof Wdk and Strey
(NPO) (Ref. 1 are in excellent agreement with the empirical correlations for
this substance, Ed6). The ability of this correlation to predict nucleation quantitative agreement betwee@@-l and the nonpolar sub-

rates up to 8 orders of magnitude high&N) (Refs. 35, 36 (SNN) (Ref.  gtances measured by Uchtmaetral. Extending the calcula-
39), at S|gn|f|cantly higher supersaturations and lower temperatures is ver{/ion to a wider temperature rangﬁne) shows a growing
encouraging.

deviation between the data sets, although the overall trend is

similar. The demonstration in Fig. 7 that such different sub-
rations (nozzle: 36<S<200; nucleation pulse chamber: 5 stances exhibit the same qualitative behavior reinforces the
<S<30) are much higher, a direct comparison is difficult. fact that there are flaws in classical nucleation theory. In light
The empirical correlation makes it possible to calculateof the simplistic assumptions inherent in the approach, it is
nucleation rates for the whole experimental range and cortempting to ask, aren’t there other theories that describe
nect the experimental results. As illustrated in Fig. 6 there igiucleation more accurately? At present the answer in no. Up
remarkably good agreement between th©Mozzle experi- to now all theoretical approaches that have an improved tem-
ments and the nucleation rates measured with the nucleatigrerature dependence still differ from the experimental nucle-
pulse chamber. Only as the temperature drops below 210 Rtion rates by many orders of magnittige contain molecu-
does Eq.6) begin to fail. lar quantities that make them less suited for practical use.
Examples for such modifications are the self-consistent ap-
proach by Reiss, Kegel, and Kdtzthe density functional
approach by Oxtob$# and the gradient approach by

The deviations between experimental measurements ar@ranasy?®
classical nucleation theory are not a special property of wa- Density functional theory calculations, however, shed
ter. Rather similar deviations have been seen for alcéhdls light on the origin of the general flaw discussed above. From
and n-nonané&! Recently, Uchtmanet al*2 showed that for ~density functional theoryDFT) calculations on Lennard-
diffusion cloud chamber dat&gp /S, appears to be a uni- Jones fluids, Zeng and oxtdByfound that classical nucle-
versal function oA T for a wide range of substances, includ- ation theory correctly predicts the supersaturation depen-
ing exotic substances like sulphur and cesium. HAfE,is  dence, an observation strongly supported by Figs. 1 and 6.
the difference between the experimental temperature and th&urthermore, these authors found that the classical rate goes
temperature at which classical theory and experiment agrefeom being orders of magnitude too low at low temperatures
completely. In Fig. 7 we present their daf@pen symbols to being too high at high temperatures. Again, this is the
and crossestogether with the predictions of our,B corre-  trend we observe experimentallgf. Fig. 1). In a recent re-
lation in the temperature range of the nucleation pulse chamsew article, Oxtob§}’ explained the physical reason behind
ber (filled circles. the observed deficiencies of the classical theory in terms of
The general observation is that theory overestimates thievo mutually compensating effects:

supersaturation wheAT<<0 and underestimates the super- Two physical features of nucleation are omitted by clas-
saturation whemAT>0. When —20<AT/K<20, we find sical theory: the surface free energy of a small nucleus

IV. FURTHER DISCUSSION
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should depend on curvature, and the nucleation barriereffect). As the critical cluster size changes, the surface ten-
should vanish at the spinodal (the point where the vapoision must, therefore, reach the planar value at some interme-
phase becomes thermodynamically unstable). The first fealiate size (temperature and supersaturajioand, at this
ture should lower the nucleation rate relative to the classicalpoint, classical nucleation theory will coincidentally work.
prediction (see explanatior(A) below), while the second Where this crossover takes place depends on temperature in
should increase itB). The two errors accidentally cancel at a way that cannot be predictedpriori, but for water it is
some temperature (often within the experimentally accessiblelose to 240 K.
region) but together give rise to the systematically incorrect ~ Thus, the experimental results of Wand Strey sug-
temperature dependence of classical theory gest that the spinodal effect dominates at low temperatures
According to Oxtoby?® one should remove the word and the curvature effect at high, and that density functional
“surface” from the first sentence in the paragraph citedtheory makes the qualitatively correct prediction. Finally, we
abové’ in order to understand the experimentally observedote that the right-hand side of E@) (or the bracket in Egs.
difference from classical theory. (5) and(6)) corresponds to thB(T) function envisioned by
In classical nucleation theory, the free energy is writtenMcGraw and Laaksonetf, and, thus, experimentally the
as the sum of a bulk term and a surface term. In DFT, thigunctional form is given by
separation does not exighere is no St.aparatio.n. of a “bulk” D(T)=A+B/T. @
from a “surface” tern), and only a single critical nucleus
free energy is calculated. If, however, one wants to modifyv_ CONCLUSIONS
the classical theory, and one assumes that the bulk term is
curvature independent, the surface free energy is the only The observed empirical correlations have several impor-
quantity that depends on the radius. Furthermore, if the extant consequences. First, if one assumes that the pretactor
perimentally determined nucleation rates are lower tharof the classical nucleation theory is essentially correct, the
those predicted by classical theory, then the experimentalorrection function quantifies how much the work of forma-
free energy is higher than that given by classical theory. Tdion of the nucleus needs to be revised as a function of tem-
correct the classical predictions, the surface tension woul@erature. Second, because supersaturation dependence of the
have to be increased over the planar surface tension. This igtes, i.e., the slope of the experimental nucleation rate curve
the case at highi and larger nuclei, and is the first flaw in and the prediction by classical nucleation theory are essen-
classical theorymarked by(A) in the citation above tially the same, an extrapolation of the correction function to
As conjectured by Oxtob{f even for reasonably large high nucleation rates as observed in supersonic nozzles is
clusters, a molecule near the surface of the cluster does ngpssible. The quantitative agreement between the nucleation
feel attractive forces from a full half-plane of other mol- pulse chamber and supersonic nozzle results supports this.
ecules(as it would at a planar interfageut from a reduced Finally, the applicability of our correction function to data far
number because of the local curvature. This effect reduce@utside the actual measuring range suggests that the empiri-
the magnitude of the negatiattractivé contribution to the cal correction function to the classical nucleation theory may
cluster free energy and thus raises the total free energy of tHfely be used to calculate homogeneous nucleation rates
nucleus. If this effect is attributed to and taken care of byover extended ranges df S andT. This is a feature of
adjusting the surface free energy, an increased surface frdé@terest to many natural and industrial processes.
energy results. Thus, the resulting form for the dependence
of surface free energy on radi(fgiting the classical model to  AckNOWLEDGMENTS
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